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BUCKLING AND INITIAL POST-BUCKLING BEHAVIOR
OF CLAMPED SHALLOW SPHERICAL SANDWICH SHELLS

NuURrl AKKAST and NELSON R. Baurp, Jr.}

Engineering Mechanics Department, Clemson University, Clemson, S.C.

Abstract—This paper presents the development of a set of nonlinear differential equations that are suitable for the
analysis of the buckling and initial post-buckling behavior of thin shallow spherical sandwich shells under axi-
symmetrical loads. The boundary value problems associated with the axisymmetrical, asymmetrical and initial
post-buckling behaviors for clamped shallow spherical sandwich shells under certain axisymmetrical loads are
developed also. Finally, numerical results of the buckling and initial post-buckling behavior of the clamped
shallow spherical sandwich shell under pressures that are distributed uniformly over the entire reference surface
of the shell are studied for face sheets of the same material and equal thicknesses. The numerical results show that
the buckling and initial post-buckling behavior for the sandwich cap is very similar to that for the classical homo-
geneous cap.

INTRODUCTION

THE principal purpose of this paper is to present a sequence of boundary value problems
that are relevant to the analysis of the buckling and initial post-buckling behavior of
clamped shallow spherical sandwich shells with dissimilar face sheets under certain axi-
symmetrical loads. A secondary purpose is the presentation of numerical results obtained
via the foregoing boundary value problems for the clamped shallow spherical sandwich
shell under pressures that are distributed uniformly over the entire reference surface of the
shell.

The theoretical treatment employed in this study is essentially a perturbation technique
proposed by Koiter [1] and which was transcribed into a form suitable for application to
the clamped shallow spherical homogeneous shell by Fitch [2]. The buckling and initial
post-buckling behavior of clamped shallow spherical homogeneous shells under various
types of loads has been studied extensively in recent years [2-8]. It has been suggested, in
the literature, that the clamped shallow spherical homogeneous shell can be regarded as a
reasonable approximation of the substructure which supports the ablation material of the
heat shield on space vehicles. Since this substructure is likely to be a sandwich construction
it is clear that the buckling and initial post-buckling analyses of clamped shallow spherical
sandwich shells have significant practical implications. The authors of this paper were
unable to uncover any previous studies of this nature relative to the sandwich cap.
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MATHEMATICAL MODEL

The mathematical model used in this investigation to study the buckling and initial
post-buckling behavior of clamped shallow spherical sandwich shells under axisymmetric
loads to be described in the sequel is obtained via the variational principle of stationary

potential energy.

Face sheets

The isotropic face sheets may be of unequal thicknesses and of different materials;
however, the Poisson ratios for the two face sheets are assumed to be equal. Moreover, the

middle surface displacements are assumed to satisfy the strain—displacement relations

e = Uit 2 Wit HWip,

(1)

| 1. 1f1 .\?
i =-U;+ -Vi+=|-W) ,
o1 = § i+ r '+2(r ')

1. 1 1. 1.,
== =-U,—=Vi+Vi+ =W+ - WW;
erqn 2[,. Ul r l+ l+ R l+ r i l]’
and the displacements are assumed to vary through thickness according to the relations

U,=U,—-zW,,

V: = Vt_ 'Z" W’
r

W, = W,

F1G. 1. Geometry of a clamped sandwich spherical cap.
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In equation (1) R denotes the radius of curvature of the composite cap as shown in Fig. (1).
A remark concerning the notation employed in this paper is in order. The subscript i
signifies the face sheet under consideration while the operations of differentiation are
denoted by

r__a ' =;=i

(=30, O=0=50
and

V()= Y+ 50

Other subscripts, where they appear, are to be interpreted in the manner of elasticity theory.
The change in curvature relations are given by

Ky = W;IS

1, 1.
Koi = —;ij:"";Wi’ - 3
Knpi (l Vt/l)

r J

The first order variations in the internal virtual work of the face sheets and the external
virtual work of pressure are respectively,

2
0H; = ) | {N,be;+Ngde,+2N,,0€,,+ M0k, +M 0Ky +2M, 0, r dp dr,  (4)
i=1JA
2
Q=Y | {g:o6W}rdedr. (5
i=1vA

Here g; signifies the transverse distributed load that is applied to the middle surface of the
ith face sheet and A is the projected area of the shallow shell.

The first order variation in the external virtual work of the edge loads, which are
distinguished herein by asterisks, is

o0F = _f rN:iaU,.d(p-f rN¥ -6V,d<o+J‘N;,-6V,-dr+fN* U, dr
C C C C

roi ori
- f rQX5W, dop + f 025, dr+f PMESW, do
C c C

1. 1 _-
+f rM;"q,i(*éW;) d(p—f M;i(—(SWi) dr—f M3, oW dr, (6)
c r [ r c
where C signifies the bounding contour of the shell.
The membrane stress resultant—strain relations are

B{1— vz)eri = N,— VN.pis
Bi(l - Vz)e¢i = N(pi - VN"', (7)
Bl(l - V)emn- = ani’ where Bi = E,tl/(l - Vz).
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Here, E; and ¢, denote Young’s modulus and the thickness of the ith face sheet respectively.
Poisson’s ratio is denoted by v. Finally, the moment stress resultants are expressed in
terms of the changes in curvatures by the relations

Mri = Di(Kri + vxq)i)a
M, = Di(Kq:i + VK,y), (8)

M,,; = D(1—v)x where D, = E;}/[12(1—v?)].

roi rois

Core

The core material is assumed to be an isotropic homogeneous continuum capable of
transmitting transverse shearing forces only. Consequently, the rigid core theory of sand-
wich construction is adopted. Moreover, the meridional and circumferential displacements
in the region occupied by the core material are assumed to vary linearly through the core
thickness, accordingly, in view of relations (2) (with W, = W, = W) and Fig. 3, these dis-

ST
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l ™~

| .

!

l

|

|

e
d¢

F1G. 2. Stress resultants and moments on the sandwich-shell element.
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F16. 3. Plot of U displacements through the thickness of the shell.

placements can be written

d+ 1+t
%=(M"EW) 1w,u¢-2zw]

, . ©)
Ve= (Vl— Q—W)—ﬂ[m AR 2W].

2r

In expression (9), ¢ denotes the thickness of the core material and 4 is the distance from the
reference surface of the composite shell to the interface between the core material and the
face-sheet signified by the numeral 1 (Fig. 3). The transverse shearing strains associated
with the core material are calculated from the basic formulas

oU Ve 1

o € ' -_C 10
P = W, Y 2z (10)
Equations (9) and (10) lead to the formulas
h ,
Yoz = —Z(a”w)’ (11)
h 1.
y‘pz = —E(ﬂm;w)s
where
_U,-U, B Vy bt
a=—ml g pe eyl (12)

The first order variation in the internal virtual work of the core material, whose trans-
verse shearing modulus is denoted by G., is

OH, = Ge[ {1:00,c+voib10elr do (13)
A
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Eqguilibrium equations—boundary conditions

The equilibrium configurations of a conservative mechanical system are characterized
by a stationary value of the total potential energy of the system. Consequently, after repeated
integrations by parts, equations (4){6) and (13), with the aid of equations (1), (3) and (11)
yield (with W, = W, = W)

Z{ (PN + N s — N, oiJ6U, [ = Ny — Ny — (N, 1V,

2 , .
+ [— Lﬂgﬂ _(rNﬂ' W’)I_ (N W)-' %ﬂ —_(qun W) (NF(NW) (rM")”

| 2
- ;Mq,i"*‘“M, ZM”"P‘ m}f—rqi]éW}dr d@

Gcc"z L {r(oc~ W')5a+r(ﬂ— ! W) 55+[(ra)’+ﬁ—rV2W]5W} drde

2
- c i=Zl {(N: ,,)5Urd(p (qu Qri)‘sui dr—(N:i—Nq)i)éVi dr

+(Nr¢x r¢z)6Vr qu ( Mri)aw,r d(P
1.
+(M;""M¢l);5Wd}'+[Q"+ M:p: RN”"_NH’W’
1 .1 o1 2. Gh? ,
_;Nrwiw'—;(eri)+;M¢i"';M,¢i+ p (x— W)]éWrd(p
ft MY~ N Wt w-Lar,—om;
+ ori ":thi +§Nr(pi_Nr¢i "‘r 2Mr¢z - rqn

e2irz

=0. (14)

5 2
G M (5__ i VV):} (SWdr} +22 (M:w""Mwi}éW

i=1

1@y ir

The summation signs appearing in equation {14) can be removed by making appropriate
transformations in variables. Thus by setting

. B,U,+B,U, B,V,+B,V,
g="1 1272 p. 11727 15
B,+B, B, +5, 4
and observing the definitions (12) there is obtained
B,h Bih
U, =0 = =U-
1 +Bl+Bza, U2 U Bl-{—Bza
B,h Bk e
Vi=V+"2p  H=V-——1_p

B,+B, B,+B,
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Substitution of equations (16) into equation (14), and subsequent use of the following
transformations,

erer'*'NrZ’ Mr=Mr1+Mr2s Qr=er+Qr2!
N¢:N¢1+N(p2’ M¢=M¢1+M¢2’ Q¢=Q¢1+Q¢2> (17)

Nr¢er¢l+Nr¢2’ an:quzl+Mr¢2’ q=q,+4,,
yields

_ L (P,5T +P,3V +Py6W + P, da+ Ps3f} do dr
- L (N*—N,)5Ur do + L (N%—N,)60r do+ J; (NX—N )5V dr
—L(N:;,—N,,,)W dr—L(V;"——V,)&Wrd<p+L(V;-— V,)oW dr

+f (M*—M,)oW'r dqa-f (M;—Mq,)%éW dr
C C

P2|r2

+2(M},— M, oW

P11

h
_L——B 5 UBNY —BN%)—(B;N, ~ B\N,)jdor do
1 2

h
+[ G (BaNG = B3 =By~ BN )}badr
1 2

+[ 5w = (B.N%, — BuN3)— (BaNo — BoN,)}3 dr
1

f 5+ 5, (BaNl =~ BiNG) = (BaN,pu BN, ga)}ofrdp = 0. (1)
The quantities P; appearing in equation (18) are defined by the formulas

P, = (rNY—=N,+N, )

rg>

P, = N¢+N,¢+(rN,¢)',

Py = (r2§ )+( rNWy + W+ RN,,,,+(N,,,,W) +(N,¢W')
+(rM,}”+; M,—M,+2M,, - 1,0 —rviw],
|
Py = BchiB [(rN,.) - ¢1+Nr¢1] Bl [( rN,,) =N, +Nr¢2]— Gchz rla—W’), (19)
5 BIB-:-B [Nwl +N,p1 +(rN, ;1)1 B [N,,,z +N,p2+ (N, ;)] Geh?

xr(B~%W).
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Likewise, the generalized transverse shearing forces appearing there are given by
* 2 V) r ’

V¥= —(D,+D,) (VWY + +§N,+N,W

G h?

+%N,¢W— (0 — W),
. /, (20)
Vi = —(D, +D2)|}(V2W)+(1—v)(%W) ]

1 . G h?

r ?
- R-N,‘,-a—; N,W+N, W —

(- w).

The equilibrium equations for the shallow spherical sandwich shell result from equating
P,-P, in equation (19) to zero. To complete the theory the transverse shearing forces are
given by

G h?

0, = ~(Dy 4+ DYVWY + AN AN W + LN, W~ O,

(21)

l—— r 1 , G.h?
0y = —(D1+Dy) - (VW)= 2 N,y 4= N+ N, W' (ﬂ——W)

Final form for the equilibrium equations

The first two of equations (19) are satisfied by the Airy stress function F(r, ¢) defined
by the relations

1 i}
N, =1rilE
r r
N, = F", (22)
1., 1,
N,y = —-F+5F.
w=—-F+3F

J

The third of equations (19) can now be written, with the use of equations (3), (8) and (22),
in the form

1 1. 1.\[1 1 1. 1
4 _ - 2 - - v - (S n) — - ’
(Dy +D)V*W = g+ V2F Z(rF rZF)(rW r2W)+F (r2W+rW)
1 1.\ Gk
+W"(;F'+72F) {[(W)H?] 4 } (23)

A compatibility equation can be obtained for each face sheet by eliminating the merid-
ional and circumferential components of displacement from the strain—displacement
relations (1), accordingly,

11 2 1. 1 1., 1.\* (1. 1.
;(req,,-) _;eri_ﬁ(renpi) +;2_eri = "‘R‘VZW‘F(;W —ﬁW) -W (;W +'7W)
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Writing the foregoing equation for each face sheet, making use of equations (7) and (22),
and adding the results yields

2
V4F = (B1+BZ)(1—v2)[ V2W+(%W'—%W) ——W”(%W'+%W):|. (24)

Finally, using equations (1) and (7) and the definitions for « and § given by equations (12),
the last two of equations (19) can be written in the form

I—v_, 1+4v 1 1 1 3—v G(B,+B,)
IR v 1 N _ W/ —
5 Via+ 3 (a +- +rﬁ i 2r2ﬂ <B.B, (a )=0, (25
l—v_, 1+v o1 3—v, 1-v_ G(B,+B,)f
2 - b+ P e B) M T b ¢B,B, B W =0 (29

Equations (23)+26) constitute the mathematical description of the moderately large
deflections of shallow spherical sandwich shells consistent with the rigid core theory of
sandwich shells. In the sequel these equations will be the basis for the study of the buckling
and initial post-buckling behavior of clamped shallow spherical sandwich shells under
axisymmetric transverse loadings.

BUCKLING AND INITIAL POST-BUCKLING ANALYSIS

Basic equations

The buckling and initial post-buckling behavior of thin clamped shallow spherical
sandwich shells under axisymmetric loads of the types listed below can be studied con-
veniently via the non-dimensional form of the system of equations (23)—(26):

R LY A L

1 ' 1 e ” =\ ’ 2

+(;f +x2f)w n{x[(xa)+B] v W}, (27)

t, 1t \* (1t 1.\,
Vif = —V2w+(;w—gw) —(;w +PW)W’ (28)

l—V 1+V _" , 1 — 3—'V . = 1

7= VA ( + ) =8 WB—A(OC—W) =0, (29)

1—v_, 1+v 1 3— —v 1.
TV B+—— xoc +?E) o L5 2x2 B—A(B—;w) =0, (30)

with boundary conditions at the clamped edge (x = 1)

w=0, (31)
w =0, (32)

w Ve Vo
f ‘If—ﬁff'o’ (33)
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g(fr__ ) %f+vf"+z(1+v)(§f)'= 0, (34)
i-0, (35)
B=0. (36)

The non-dimensional quantities appearing in equations (27)+36) are related to the cor-
responding physical quantities through the relations

H\* E 3 +E,t3
— 31 — vy 2 w2 _ EstitEots
3= 203(1-9)] (t) N R T
A 2H _ 2H
x=zr: a='1;aa ﬁ_—l—a—ﬁ’
. p (37)
=Zw =~ _ F
Y =30 = i, v Eyry)
i+, 2 /12(1+u)2 A = 0B+ By)(a)’
“ T2 "TEL +E2t2 ’ = T ¢B,B, \i

In the foregoing expressions a, R and H are, respectively, the base plane radius, radius of
curvature of the sandwich cap and apex rise referred to the reference surface of the composite
cap. The thicknesses of the face sheets and the core material are denoted by ¢,, t, and c,
respectively. Young’s moduli for the face sheets are denoted by E, and E,, the transverse
shearing modulus of the core by G, and the Poisson ratio by v (Poisson’s ratios for the two
face sheets are assumed to be equal). The quantities w, f, &, B are the non-dimensional
transverse deflection, Airy stress function and shear angles, respectively; and W, F, a, §
are the corresponding physical quantities. Finally, the delta operator has the same meaning
as before with r replaced by x, and I represents the non-dimensional axisymmetric load
under consideration.

The boundary value problem described by equations (27)36) is completed by assigning
appropriate regularity conditions at the apex. The conditions will be prescribed as the need
arises.

Nondimensional axisymmetric loads
The axisymmetric loads considered in this investigation are defined by the relations
O(x —xq) PR .
_— =D P = 2 P r
P . p 27D, +Dy) nroP,, (ring load)
= (38)

a*Aq
4plh(x ~x;)—h(x—x;)], p= 2Et, + Eu )i (band load)
11 2¢2

where x,, X, X, are the nondimensional forms of r, r, , r, , respectively, which are shown in
Fig. 1.
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The Dirac delta is defined by the relations
0 x#x4

Hx—xq) = and J: OE—xo)dE = h(x —x,) 39

W X = Xg
and the Heaviside function is defined by

" ) {0 x < Xx; (@0)
X—Xx;) =

YTl ox2x, (=12

It is observed that the concentrated force applied at the apex is included as a limiting
case of the ring load (let x, — 0 while maintaining P constant) and the important cases of
centrally distributed pressures and pressures distributed uniformly over the entire cap are
included as special cases of the band load.

When the axisymmetric form of equations (27)(36) is considered it is found that
equations (27) and (28) can be integrated once with respect to x directly. Consequently,
the form of I to be used in the axisymmetric equation (43) is denoted by I'* and is given by

h{x —xq), ring load
s = {P ( o) (ring ) @1)
2p(x% —x3)Z(x), (band load)
where
0 X < X4
2
Z(x) = J—C——)—C—% Xy < X < X, 42)
2~ Xy
1 X 2 X,

Axisymmetrical behavior

The boundary value problem governing the axisymmetrical deformations of the
clamped shallow spherical sandwich cap under the axisymmetrical loads described reduces
to

(x@®'Y — % O+xP—-nx(ag+0) = —T*+O0, 43)
(x®Y — %@-x@ = —-1@? (44)

V2a0 - % %o — A((xo + @) = 0, (45)

04 =0, (46)

AD'(A) —vD(4) = O, @7

ao(d) = 0, (48)

lim {©, ®, a0} = 0, (49)
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where @ = —w', ® = " and a, refers to the axisymmetric behavior. The conditions (49)
follow from symmetry and boundedness of the membrane forces at the apex.

Average deflection parameter

As a suitable non-dimensional measure of the deflection of the cap under a given
axisymmetric oad, the ratio of the average vertical displacement of the region r < 7 to
the weighted thickness parameter t* is selected where 7 = r for the ring load and ¥ = r,
for the band load. Accordingly,

(772 In F
w = »—i—-wf do j.rWdr. {50)

* =2 4%
t aret* Jo

When the deformations are axisymmetrical, equation (50) reduces to

w 1 4
* {12(1—v2)}%f0 yO dx S
where
2
? X < J—C
y= _ (52)
1 x>=X,
and
B {xo {for the ring load)
X =
x, {for the band load).

Defining S, as the rate of change of the load parameter p with respect to the gross deflection
parameter W/t* at p, for the axisymmetrical path there results

1AW 1t (e
S, d_p(r_*) = f2a —v%}*L y (?io’) dx 3

where (0©/0p), is to be evaluated at the bifurcation point.

Buckling equations
In order to determine if asymmetric buckling precedes axisymmetrical buckling a
solution of equations (27)-(36) is sought in the form

w O dx wi(x, @)

=Y ), >+§< Litx,¢) A (54)
al(xs (P)

0 Bi(x, ®)

R
133
=)
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where £ is an infinitesimal scalar parameter. Substituting expressions (54) into equations

(27)(36), making use of equations (43}{48), and linearizing with respect to £, there is ob-
tained the system of differential equations

1 1 1,
le—szl——f"G)-i—( Wy +— wl)d)’+— wid— (f’ﬁ-;fl)@)'

1 1
it "
X x
V4f, = —-Viw +lw”®+ lw’ +LW 102 (56)
1 1 X 1 x 1 x2 1 ’
1—-v_, i+vf , 1, 1, 1 3—v ,
Tvza, +—2—(°¢1 trn +;31) 2% Wﬂx ~Aa;—wy) =0, 57)

I—v 1+v 1—v 1,
3 Vg, + 2( 1+ B) 22 dy Wﬂl—'A(Bl_;wl):oy (58)

with boundary conditions at the clamped edge (x = )

w, =0 (59)

W, =0, (60)

i—3fi-ahi=0 (61)

- %ﬂ)'— L= S fivie +v)(1f1)’ ~0, (©)
X X A A X

a =0, 63)

B, = 0. (64)

Equations (55)-(64), along with suitable regularity conditions at the apex, constitute a
linear eigenvalue problem in which the loading parameter p occurs implicitly through the
function @ and ®.

Taking

wl(x9 (P) = wln(x) Cos ne,)

filx, @) = fi{x) cos no,

0 (65)
ay(x, @) = a,,(x) cos ng,

Bi(x, 9) = B4(x)sin no,
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equations (55)(64) yield the system of homogeneous equations
2 ’ 1 "
(wln) - fln fln 2f1n @ + wln x 1n®
1 , n2 , , 1 n (66)
+ ;wln_;iwln ® -n a1n+;a1n+;ﬂln_Ln(WIn) s

1
L:(fln) = _Ln(wln)+ ;

! n2 14 1 "
Win— Pwln ® +;w1n®’ (67)

1-v 1+v 1 1 B3—vn ,
TLn(aln)_'-T( ln+ aln+ ﬁln) - 'x_zaln_ 2—sz1n_A(a1n_w1n) = 09 (68)

(3—vn

2x2

I B+ ”"( i

, n? 1—v n
— 0y ?ﬁm) - Xyp— %2 ﬁln_A(B1n+; W1n) =0, (69)

and boundary conditions at the clamped edge (x = 2)

Win = 0’ (70)
Win =0, (71)
2
%flln-’_%fln = 0’ (72)
| 5 . 3n?

Af _I [(1 —v)+n (2+v)]fln+7f1n = 0, (73)
Ayp = 01 (74)

Bin=0. 75)

The differential operators appearing in these relations are defined by

2

1 n
Ln( )E( )”+'—( )/_—2( )a L:( )ELnLn( )
X X
To the system of equations (66)(75) there are added the conditions of regularity at the apex
hn(l) {Wlm xw,llm flm xf’;n’ %1ns ﬂln} =0 . (76)

The critical bifurcation pressure p, is the lowest value of p for which equations (66)-(76)
possess a non-trivial solution for any integer n.

Initial post-buckling behavior

In order to investigate the initial post-buckling behavior of the clamped shallow spherical
sandwich cap under the axisymmetrical loads described earlier the nondimensional
transverse deflection, Airy stress functions and transverse shear angles are assumed to have
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the forms

3

w = -J' O dx+E&w, +Ew,y(x, @)+ ...,

f= J;xd>dx+éfi+é2f2(x,<p)+

~"

(77)
& = ap+Eay +E2a,(x, @)+ ...,
B =Bo+&B+EBalx, )+ ...,

7

for a slightly buckled configuration. Here £ is an infinitesimal scalar parameter. The
function By(x) = 0 by symmetry. Substituting the relations (77) into the general nonlinear
equations (27}36), observing that at the bifurcation point both the systems of equations
(43)+49) and (55)+64) hold, and letting £ — O yields the system of equations

1 ] 1 { ’ 1 " 1 " 1 ’ 1 o ’
V4W2—V2f2+(;c‘f2 +x_2'f2)®c_ ;W2¢t+;f2®c“(; w2+Fw2)®c

: 1 1 1 1 1 7 7 1 r 1 - #
+?}(a2+;0€2+;32-—vzw2) == (;fl +;5f1)wl+(;w1+;wl) 1

G (- 1) 79
V“f2+V2w2——(£-2—w2+% w’2)®;~ %w’z’@)c = (-i— W, — %wl)zm(%wﬁéwg)wq, (79)
lgvvza2+1;v{ag+§a;+§ﬂ’2) - %az— 32—;2—"/?2-A(a2—w'2) =0,  (80)
lgvvzﬁz'*'l;v(%&'z*‘;lz’gz) +§2“"}d2‘“ %32“A(52‘£W2) =0, (81)

and boundary conditions (31}-(36) on w,, f;, @, and f8,.

It can be shown by direct substitution into equations (78)+81) and the associated
boundary conditions at x = A and conditions of regularity at x = 0 that the functions
Wy, f2, @y, B, must be of the form

wylx, @) = — f ) {(x) dx + p(x) cos 2mpj

5ix.0) = [ e dx-+ sy cos2mo, | &)

®,(x, @) = Y(x)+ a(x) cos 2ng,

Ba(x, @) = w(x)+1(x) sin 2nep, )
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where {(x), ¥(x) and y(x) must satisfy the boundary value problem

1
(xcl)( - (; +(Dc) C +(x - G)c)l// _nx()’ + C) = gl(x)s

1
(W) =¥ —(x—O)( = g,(x),

Liy)-Ap+) =
()=
W'(A)—v(A) =
74) =0,
lim {{,¢,9} = 0,

and the functions p(x), x(x), o(x) and 7(x) must satisfy the boundary value problem

1 an* \ (1 | 4n? |\ |
L3 (p)— L)+ X '—7)( ®c—(_ —*—Z—P @,

1 1 2n
=Pt x”® +n[ (xa) +—r—Lz,.(p)] = hy(x),

1
L%n(l)‘*'LG(P)_(; - —ZP) "® = hz(x)
1+v 1, 2 1
L Lao) 4 (""*x 7+ )= o= M Ao—p) =0,
1—v l4+v[ 2n , 4n? 3—vn - 2n
TLG(T)+T(—~;G—77:)— xz) o— zxzvt—A(r+;p) =0,
p(4) =0,
p'(2) =
" 4n v
x'(4)— —x(l)+ x4 =0,
1 12n2
D= (=9 +42+ IR D)+ =5 1) = O,
a(d) =
() =

lim {p, x, xp", xx", 6,1} = 0.
x—0

(90)

on

(92)

(93)

(94)
(95)

(97)

(98)
(99)
(100)
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The boundary value problem for the function w(x) is

lg—le(w)—-Aw =0, (101)
w(A) = 0, (102)
lim {w} = 0, (103)

x—=0

and yields w = 0.
The functions on the right-hand sides of equations (83), (84), (90) and (91) are defined
by the relations

1— W n n ' ’ ’
81x) = 5 nZ(le‘) —fl..w“}, (104)
1 ,{wi\
g2(x) = o| n?[ 7] —(wi)? |, (105)
40 X
1 1, n? Y 1 1,
hl(x) =T2 ( fln zfln)wln (X Wip— len) f1n+2n2( - Ff1n+;f1n)
1 1
X (— Pw,n+; w’l,l)jl, (106)
11, n? Y 1 1, 2
hy(x) = _5[(;“’1'._;5“’1" W1n+n2 FWM_;Wln) ] (107)

These formulas are precisely the same as those encountered for the homogeneous spherical
cap [2,4-6).

It is shown in Ref. [2] that the expansions (77), when they are assumed asymptotically
valid for ¢ « 1, imply a relationship of the form

5: 1+at+be2+ ..., (108)

It can be shown that the coefficients a = 0 for the spherical sandwich cap and

1 Ié[ Cg1 —yg,)—ix(ph, — xh,)] dx

(LB

By using the definitions (104) and (105) and equations obtained by differentiating the axi-
symmetrical equilibrium equations (43)(45) with respect to the load parameter p, the
integral in the denominator of equation (109) can be written in the more convenient form

b:

A
- f h(x —x4)¢ dx, (ring load)
? (110)
2
—2(x2 —xf)f Z(x){ dx, (band load).
0
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The sign of the coefficient b determines whether the load initially increases or decreases
subsequent to asymmetrical buckling. The significance of the coefficient b is connected with
the notions of imperfection-sensitive and imperfection-insensitive structures. It has been
shown in Refs. [2, 4] that structures containing geometric imperfections (imperfect struc-
tures) are imperfection-sensitive, in the sense that the buckling load for the imperfect
structure should be expected to be less than that for the corresponding perfect structure,
whenever the load for the perfect structure initially decreases at the bifurcation point. A
structure is said to be imperfection-insensitive, in the sense that load—deflection curve for
the imperfect structure exhibits a much milder growth of displacement as the load reaches
and exceeds the classical buckling load of the corresponding perfect structure, whenever the
load for the perfect structure increases subsequent to asymmetrical buckling. Accordingly,
a structure is said to be imperfection-sensitive or imperfection-insensitive according to
whether b is negative or positive, respectively. In calculating b it has been assumed that the
buckling mode (w,, f;) has been normalized so that the maximum value of W,(=2H/i%w,)
is equal to the weighted shell thickness (¢¥).

Let S represent the initial slope of the load—deflection curve corresponding to the
bifurcation path. It is not difficult to show that

So
= 17e (1)

where
5 So fl cd (112
= bp 12—y T ‘

The function {{x) is defined by the boundary value problem (83)89), b is the initial post-
buckling coefficient defined by equation (109) and p, is the value of the loading parameter p
at the bifurcation point.

Finally, as a measure of the relative stiffness the following parameter is used.

1
9= garctan - (113)
n &

The parameters S,, S and 3 were defined by Fitch and Budiansky [4] and the average
deflection parameter defined here is analogous to the one defined by those authors. The
parameter J can vary between + 1 and — 1, and it is positive for increasing load, and nega-
tive for decreasing load (Fig. 4). Values of 3 between — 1 and —1 correspond to a backward
sloping post-buckling load-deflection curve, with decreasing load.

NUMERICAL RESULTS AND CONCLUSIONS

The numerical results presented in this paper are for a clamped shallow spherical
sandwich shell with equal face sheets for which the pertinent geometric and material
parameters are ¢/t = 10,(G,/E)(a/H)* = 0-8 and v = } and which is subjected to a uniform
pressure distributed over the entire surface of the shell.

The numerical procedures employed in this study have been described in detail by Fitch
[2]. A brief account of our application of these procedures is presented here to provide a
clearer understanding of the numerical results to be presented in the sequel.
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FIG. 4. Interpretation of relative stiffness parameter 3.

The system of nonlinear differential equations (43)-(49) governing the axisymmetrical
buckling of the sandwich cap was solved by Newton’s method, which, essentially, replaces
these equations with a system of linear correctional equations. This latter system of equa-
tions was in turn approximated by a system of finite difference equations using central
difference formulas for the derivatives. The linear correctional equations lead, via an
iterative process, to the solution of the axisymmetrical problem. The numerical procedure
employed was to solve the linearized finite difference analogue of the axisymmetrical
equations (43)49) for a value of p (in the present case p = 0-5) for which the shell response
was linear and to use this solution as an initial estimate of the solution for a slightly higher
value of p. The finite difference analogue of the linear correctional equations was solved
then by an iterative process for the correction functions associated with these initial
estimates of the solution. It was found that convergence of the iterative process occurred
after an average of 34 iterations when p was incremented in steps of 2-0. The correction
functions were considered to be sufficiently accurate whenever their absolute values at
each station were less than 0-01 per cent of the absolute values of the current estimate of the
solution at the corresponding station. Having obtained the solution for a given value of p
it was used as an initial estimate for a slightly higher value of p and the process was continued
until convergence did not occur.

Axisymmetrical cap-snapping was assumed to occur when a local maximum on the
axisymmetrical load—-deflection curve was reached. The occurrence of a local maximum was
signified by the failure of the iterative process to converge. In locating the local maximum
numerically it was assumed that it has been exceeded if convergence of the system of linear
correctional equations has not occurred after fourteen iterations for a fixed value of the
loading parameter p. The preceding value of p for which convergence had occurred was then
incremented in steps of 0-2 (3} of the original increment) until convergence, in the sense
described, failed to occur. This latter process was repeated for increments 0-02 (155 of the
original increment) until convergence failed to occur. The immediately preceding value of p
was taken as the axisymmetrical buckling load. This process gives the critical axisymmetrical
buckling load to two places after the decimal point.
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The linear eigenvalue problem, equations (66)76), describing the asymmeitrical buckl-
ing of the shallow sandwich cap was replaced with a finite difference analogue using centrai
difference formulas. Potters’ algorithm [9], with the modifications suggested by Blum and
Fulton [10] which eliminate sign changes associated with the singularities of the buckling
determinant, was used in determining the asymmetrical buckling load. The value of the
modified buckling determinant was plotted against the corresponding value of the load
parameter p for several values of the circumferential wave number n. Whenever a change in
sign of the modified buckling determinant occurred the preceding value of p was incremented
in steps of 0-2 and the process was repeated until the sign change was detected again. The
asymmetrical buckling load was taken as the value of p corresponding to a linear interpola-
tion between the value of p immediately preceding the sign change for the refined calcula-
tions and the value of p associated with the sign change.

The initial post-buckling problem, equations (83)89) and (90)-{100), was replaced by a
finite difference analogue using central difference formulas. Potters’ algorithm was used to
generate the solution. The integrals appearing in the numerator and denominator of the
initial post-buckling coefficient b [equation (109)] and in the formula for the relative stiffness
parameter 3 [equation (113)] were evaluated by Simpson’s rule.

The preceding calculations were carried out for a mesh size of 0-5 on the IBM 360-50
computer using double precision throughout. A mesh size of 0-25 was used at two points
so as to ascertain the accuracy with which the buckling loads and associated mode forms
were given by the 0-5 mesh. The buckling loads associated with the 0-5 mesh were found to
be less than 1 per cent larger than those associated with the 0-25 mesh. Moreover, the initial
post-buckling coefficient (b) and the relative stiffness parameter (3) differed by approximate-
ly 2 and 4 per cent, respectively. These differences were not considered to be significant
since the important information extracted from the plots did not change. Consequently, the
0:5 mesh was used throughout the study.

Figure 5 shows the buckling and initial post-buckling behavior of a clamped shallow
spherical sandwich cap under a uniform pressure distributed over its entire surface. The
upper plot gives the critical value of the load parameter p as a function of the geometric
parameter 4. The intermediate and lower plots give the initial post-buckling coefficient b
and the relative stiffness parameter 3 as functions of the geometric parameter A.

The qualitative description of the buckling and initial post-buckling behavior for the
clamped shallow spherical sandwich cap under a uniform pressure over its entire surface is
precisely the same as for the clamped homogeneous cap under the same load [3]. For
14 < A < 24 the buckling behavior is of the axisymmetrical type. For A > 24 the buckling
behavior is of the asymmetrical type with b < 0 which signifies that the asymmetrical
buckling process is characterized by a decrease in load carrying capacity for this range of 4.
Consequently, for 14 < A the buckling process is characterized by a snap-through type of
behavior. Since the relative stiffness parameter 3 < 0-5for 4 > 24 it follows that a decrease
in deflection accompanies the decrease in load, i.e. the initial slope of the bifurcation branch
of the load—deflection curve is backward.

It was observed, for 1 < 14, that snap-through buckling did not occur. Instead, the
deflection of the cap was characterized by a gradual transition from one equilibrium state to
another. In most cases an inflection point type of behavior was observed, as shown in Fig. 6,
for 4 < 14. This behavior has also been reported by Huang [3] for the homogeneous cap.

Figure 7 indicates some typical asymmetrical buckling mode shapes. Again, the general
shapes and the locations of the peak asymmetrical deflections are very nearly the same for
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F1G. 5. Buckling and initial post-buckling behavior of clamped shallow sandwich spherical shells under
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F1G. 6. Nondimensional axisymmetrical load deflection curves for clamped shallow sandwich spherical
shells under uniform pressure.
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F1G. 7. Buckling mode shapes for A = 25 and 4 = 50.

both the homogeneous and sandwich caps [3]. A last interesting observation is that the
asymmetrical buckling curve of Fig. 5 can be obtained directly from the plot given by
Huang [3] by means of the relations

(s = 43(A)g, (114)
and

(Po)s = 19-1pJn, (115)

where the subscripts S and H correspond to sandwich and homogeneous shells, respectively.
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A6cTpakT—B pabote gaercs pa3spaboTka cHCTEMbl HenMHEHHBIX AuddepeHLHaIbHbIX YPaBHEHUH, IPUro-
JHBIX 07 aHATIM3a BBIMY4YMBAHUA U HA4YaJIbHOTO MOBENEHUS MOCIIE MOTEPH YCTOWYMBOCTH TOHKMX, MOJIOTHX,
chepuyecknx, caHIBHYEBbIX 000JIOYEK, IO BJIMSHHEM OCECMMMETPHUYECKOM Harpysku. Pewarorcs Takxke
KpaeBble 3anady, CBS3aHHBLIE C OCECHMMETPHYECKUM TOBENCHHEM, AHTHCHMMETPHUYECKHM M HavYaJIbHBIM
NOBEIEHHEM IIOC/€ MOTEPUM YCTOMYMBOCTH A 3ALUEMIICHHBIX, TONOTHX, ChEepUYECKHX, CAHABUYEBLIX
060704eK, NMOA BIIHAHMEM HEKOTOPBIX OCECUMMETPHYECKMX HArpy3oK. B KoHlLe KOHUOB, HMCCIeLyeTcst
YHCIICHHBIE PE3Y/IbTATHI MMOBEACHHUS BbIYYMBAHHUS U HAYAJIBHOTO TOBEACHMA ITIOC/E MOTEPH YCTOMYHBOCTH
JUTS 3aLLUEMJICHHBIX, HOJIOrUX, CepUYECKHX, CAHABUYEBBIX 000JIOUEK, MOABEPXKEHHBIX NABIECHUIO, paclpe-
JEJIEHHOMY DPaBHOMEDPHO MO LENOH O OTHOCHTENBHOM mosepxHocTH 0bosouku. Uccnenosanus kacarotcs
TMOBEPXHOCTHBIX JIACTOB U3 TOTO X€ MaTepuasia U PaBHOM TOJIIMHLI. YKC/IEHHBIE PE3YNbTaThl YKA3bIBAIOT,
YTO BBIIYYHBAHUE U HavaJIbHOE MIOBEACHHE MOCNE MOTEPH YCTOWYHBOCTY 111 CAHIBUYEBOTO KOJIMAaKa OYEHb
nopo6Ho.



